Recent methods for stabilizing systems like, e.g., loss-modulated CO 2 lasers, involve inducing controlled monostability via slow parameter modulations. However, such stabilization methods presuppose detailed knowledge of the structure and size of basins of attraction. In this paper, we numerically investigate basin size evolution when parameters are varied between dissipative and conservative limits. Basin volumes shrink fast as the conservative limit is approached, being well approximated by Gaussian profiles, independently of the period. Basin shrinkage and vanishing is due to the absence of bounded motions in the Hamiltonian limit. In addition, we find basin volume to remain essentially constant along a peculiar parameter path along which it is possible to recover the dissipation rate solely from metric properties of self-similar structures in phase-space. A characteristic feature of nonlinear systems is that they often exhibit more than one dynamic equilibrium state for the same value of model parameters. Some states may be chaotic while others are regular (periodic). The coexistence of several dynamic equilibrium states (attractors) was observed quite early in Q-switched CO 2 lasers and called generalized multistability [1] . Several recent studies have shown multistability to be a property that may be profitably exploited in a variety of ways in lasers and other systems. For instance, multistability may be induced or suppressed by weak periodic perturbations [2] [3] [4] , it is possible to control and limit the emergence of multistability [5] [6] [7] , the phenomenon of noise-induced preference of attractors as well as the detection of multiple stable states and attractor hopping was also investigated [8] . Underlying all these widespread stabilization procedures is a need for detailed knowledge of the structure and extension of basins of attraction in phase-space. For instance, a riddled phase-space severely restricts any possibility of stabilization and is prone to catastrophic bifurcations from riddled to fractal basins [9] . This restriction is particularly severe in coupled systems [10, 11] .
Here we report an investigation of basin size evolution when parameters are varied between dissipative and conservative limits. The model investigated is the standard example in the field [3, 7, 10, 12] , the Hénon map ͑x , y͒ ‫ۋ‬ ͑a − x 2 + by , x͒, which affords ease of computation and clarity of presentation apart from well-modeling CO 2 lasers in the limit of strong dissipation [12] . Of interest is to investigate how basin sizes change when moving between dissipative and conservative limits. As is known, while conservative systems are plagued by chaos for quite large sets of initial conditions, the dissipative limit with about the same complexity displays chaos only on relatively limited domains of the parameter space [13, 14] . The subtleties of the passage between conservative and dissipative limits have been discussed [15] . Exponential decay of basin size evolution was found recently for the Hénon map [16] , along the characteristic path in parameter space where strange attractors disappear [17, 18] . 
timate the answers, one needs to resort to intensive numerical computations, which we do here.
The exact description of the dynamics of a system which suffers a transition from conservative into dissipative is also very important in other contexts like, for example, energy transfer dynamics in system plus environment models [19] , irreversibility in complex systems, charge and energy transfer in quantum molecular systems [20] , and even in describing dissipation in quantum mechanics [21] . Presently, the key motivation for investigating basin evolution is the need for uncovering flexible and realistic maps to be used as discrete oscillators ruling local dynamics in lattices typically used in practical applications such as, for example, in simulations of aspects of ocean convection [22, 23] , particularly those connected with complex lattice topology and evolution [24] [25] [26] .
Most of the time, parameter changes produce only minor modifications in the dynamical behavior. But while moving between dissipative and conservative limits one eventually crosses parameter paths like, for instance, stability or bifurcation loci, that are particularly interesting in several respects [17] . Here we concentrate on properties measured along a few of the simplest paths which are very convenient because they are all known analytically: the lines delimiting the boundaries of stability domains for low period oscillations and a very peculiar eigenvalue path [27] along which one may recover the dissipation rate by measuring the scaling of certain fractal fingers that appear in phase space. Figure 1 illustrates the complex alternation of stability islands seen in a particularly crowded region of parameter space where we want to investigate basin size evolution. It was generated as described in Ref. [17] and concentrates on the physically meaningful strip −1 ഛ b ഛ 1. The wide white domain located roughly along the "main diagonal" of the figure represents parameters leading to stable chaotic solutions. The different shadings (tonalities) embedded in the white background represent stability islands of periodic attractors, different shadings denoting different periodicity. The large region on the upper right corner signals parameters leading mainly to unbounded solutions, i.e., to the attractor located at infinity (divergence).
Basin size evolution is studied along the parameter paths delimiting stability regions for trajectories of periods 1, 2, and 4. Such boundaries are the roots of the expressions For each set of parameters P ᐉ we determined histograms of the periodicities observed in phase-space inside the window −2.5ഛ x ഛ 2.5 and −11ഛ y ഛ 11, discretized with a resolution of 100ϫ 100 points. This window contains the largest portion of "useful" initial conditions, namely those not in the basin of infinity. Figure 3(a) displays the fraction of the 10 4 initial conditions that do not diverge while moving from b = −1 to b =1 along three lines: the saddle-node 0 → 1 line (indicated by 1) and the 1 → 2 and 2 → 4 bifurcation lines. As seen, the volume increases with the unfolding of the bifurcation cascade. Furthermore, independently of the period, the volume tends to zero near b = −1 and b = 1, the conservative (Hamiltonian) limit, attaining its maximum value for b = 0, the limit where the map is noninvertible (nondiffeomorphic). Figure 3(a) also shows a few abrupt discontinuities, which simply indicate regions where there is multistability [1] . Of course, no discontinuities exist when all coexisting periods are added. We computed histograms using different discretizations and believe Fig. 3(a) to be accurate and representative. Figure  3 One discovers a number of interesting features when computing histograms along the branch L of eigenvalue path E͑a , b͒ = 0. For instance, we have been able to numerically follow basin evolution for the 3 ϫ 2 n cascade during 6 bifurcations (up to period 96). During this rather long unfolding, the basin size remains essentially constant, reproducing the behavior described above for the 1 ϫ 2 n cascade [see Fig.  3(b) ]. The volume of the coexisting period-2 basin also remains essentially constant in this interval of parameters. This shows that while intervals of stability in parameter space suffer strong compression as the bifurcation unfolds, basin volumes remain essentially unchanged. In other words, the immense difficulty to locate stable motions of high periodicity is linked only to the narrowness of parameter intervals, not to a decrease of basin volume.
A number of additional cascades are crossed when moving along L up to b = −0.262 99, for instance those starting with periods 9, 15, 21, 27, 33, 45, 63, 75, and 105. All these periodic cascades are separated by intervals where chaos prevails. Beyond b = −0.262 99 one finds a sequence of attractors as summarized in Table I where, to save space, a few very small windows were omitted in some specific intervals. The last column in Table I gives the percentage of points not in the basin of ϱ. As seen, even though there is a large variation of dynamical behaviors in this region, basin sizes remain essentially constant as before.
From Fig. 3 one sees that the basin volume decreases fast as ͉b͉ → 1. To characterize this decrease we attempted fitting both a Gaussian and a log-normal to the volume distribution as a function of the b. However, since no significant improvement was found when using log normals, we only present here, in Fig. 4 , the standard deviations obtained when fitting Gaussians to basin volumes for motions with periods 1, 2, 4, 8, 16, 32, 64, 128, 256, and chaos. The point at the right of the dotted line in the figure indicates a rough estimate of the standard deviation of the basin volume at the end of the periodic motions of the 1 ϫ 2 n cascade. The estimation of basin volumes at this extreme situation is much less certain than for periodic points. As is clear from Fig. 4 , the standard deviation does not converge to any limit value, a fact that seems to agree well with reports [28] concerning The Gaussian profiles reported here do not seem to be "universal." Exponentials were found [16] for the basin size evolution for the Hénon map along a path in the parameter space where the strange attractor disappears [17, 18] . In contrast, here the parameter path is the boundary where the chaotic attractor is born. In addition, we offer an explanation for an interesting question posed by Feudel et al. [16] , concerning how rare are chaotic basins in presence of multistability. Our figures show that not only are basins of chaotic attractors rare, but also rare are all basins related to periodic orbits. This property is not due to the multistability of the dynamical system, but arises from the open dynamics existent in the conservative limit of the Hénon map. In the Hamiltonian limit, there is no bounded motion: all orbits go to infinity and therefore basin sizes of all periodic or chaotic attractors simply do not exist anymore. In the dissipative limit most of these points remain (due dissipation) confined to a finite region of the phase space.
In summary, basin sizes remain essentially constant as bifurcation cascades unfold, when the dissipation rate does not vary too much. On the other hand, there is a drastic drop in volume as one moves from the dissipative to the conservative (Hamiltonian) limit. As the conservative limit is approached, Gaussian profiles are found along stability boundaries between periodic orbits. Near the conservative limit, all basin sizes vanish for systems which have no bounded motions. These results are robust upon changes of the discretizations involved in their derivation and are insensitive to the rectangular domain of initial conditions used in phase-space to compute them. Knowledge of basin volume evolution in parameter space of a prototypical model map opens now the possibility of investigating aspects of the onset of synchronization and coherence in complex networks containing them as individual units and of answering a number of open questions [26] . 
